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1. INTRODUCTION
We consider the following system of equations which arises in the
 w x.nonlinear oscillation theory of elastic plates see, e.g., 8, 9, 12 :
2 2 w x­ u q D u y u , ¨ s p x , x g V , t ) 0, 1.1 .  .t
­ u
< < <u s s 0, u s u x , ­ u s u x , 1.2 .  .  .­ V ts0 ts00 t 1­ n ­ V
 .where ¨ s ¨ u is defined as a solution of the problem
­ ¨
2 <w xD ¨ q u , u s 0, ¨ s s 0. 1.3 .­ V
­ n ­ V
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Here V is a smooth bounded domain in R2, D2 is the biharmonic
operator,
w x 2 2 2 2 2 2u , ¨ s ­ u ? ­ ¨ q ­ u ? ­ ¨ y 2 ? ­ u ? ­ ¨ . 1.4 .x x x x x x x x1 2 2 1 1 2 1 2
 . 2 .  . 2 .  . 2 .It is assumed that p x g L V , u x g H V , and u x g L V are0 0 1
s .known. Here and below H V is the Sobolev space of order s on V and
s . s . `H V is the closure in H V of C functions with compact support in V.0
5 5 s . 5 5  .We denote by ? the norm in H V and by ? and ?, ? the norm ands
2 .the inner product in L V .
 .DEFINITION. The function u x, t is said to be a weak solution of the
 .  . w xproblem 1.1 ] 1.3 on the interval 0, T , if
u x , t g L` 0, T ; H 2 V and ­ u x , t g L` 0, T ; L2 V .  .  .  . . .0 t
1.5 .
and the following properties are fulfilled:
 .  . i Equation 1.1 is satisfied in the sense of distributions taking
 ..into account 1.3 .
 .   .  .. 2 . 2 .ii The vector-valued function t ¬ u t , ­ u t g H V = L Vt 0
 .  .is weakly continuous, and u 0 s u , ­ u 0 s u .0 t 1
` .Here L 0, T ; X is the space of essentially bounded measurable func-
w xtions on 0, T with values in X.
 w x.  .  .It is well known see, e.g., 8, 9 that the system 1.1 ] 1.3 has a weak
w xsolution for any interval 0, T . These weak solutions are constructed by
the standard Faedo]Galerkin method. The construction relies on the
 .energy a priori estimate and it requires minimal and natural assumptions
 .  . concerning initial data u x and u x the energy of the initial state0 1
 4 .u ; u should be finite . However, the uniqueness theorem was proved0 1
 w x w x.earlier see, e.g., 9, 12 and Theorem 2 in 3 under some additional
assumptions concerning the smoothness of solutions. In general, these
additional assumptions are not satisfied by weak solutions. Their realiza-
tion requires a global existence theorem of more regular solutions to the
w xproblem. For example, the uniqueness theorem was established in 3 for
weak solutions such that
a a1 2 w x­ ­ u t F C , t g 0, T , a q a s 2, 1.6 .  .px x T 1 2 .L V1 2
for some p ) 2. However, under natural conditions for the initial data the
 .  .question on the existence of global solutions to the problem 1.1 ] 1.3
 .  .with properties 1.5 and 1.6 is still open.
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The aim of this paper is to prove the uniqueness theorem for weak
solutions without any additional information or assumption about them.
w xThis result gives a positive answer to a question posed by Vorovich 12
 w x.see also the list of problems posed by Lions in Chapter 1 of the book 8 .
Our main result is the following:
2 . 2 .  . 2 .THEOREM. Let u g H V , u g L V , and p x g L V . Then the0 0 1
 .  . w xproblem 1.1 ] 1.3 has a unique weak solution for any inter¨ al 0, T .
In order to prove this theorem, we use the method developed by
w xSedenko 10, 11 for Marguerre]Vlasov equations arising in the theory of
elastic shallow shells. This method relies on the energy inequality in
negative spaces and on estimates of the form:
1r2 y15 5 5 5max T f x F c log N f , I y T f F c N f .  .  .  .1 2N 0 N 1
xgV
for certain sequences of operators T , N s 2, 3, . . . . We show that in ourN
2 .case one can choose T s P , where P is the projector in L V ontoN N N
the space spanned by the first N eigenvectors of the biharmonic operator
D2 with Dirichlet boundary conditions on ­ V. We also rely on theD
 .estimates of the von Karman bracket 1.4 which were used earlier in
w x3]5 .
 .  .We note that from the mechanical point of view the system 1.1 ] 1.3 is
a special case of the system of Marguerre]Vlasov equations. However, the
uniqueness theorem presented here does not follow from Sedenko's
results.
2. PRELIMINARY LEMMAS
The following lemmas are of prime importance in the subsequent
considerations.
w x  .LEMMA 2.1. The bracket u, ¨ defined by 1.4 satisfies
5 5 5 5w xu , ¨ F C u ? ¨ , 2.1 .yj 2yb 3yjqb
where j s 1, 2, 0 - b - 1, and
5 5 5 5w xu , ¨ F C u ? ¨ , 2.2 .yjyu 2yuqb 3yjyb
where j s 0, 1 and 0 - b F u - 1.
w xThese estimates were used earlier in 3]5 . Their detailed proof is
w xcontained in 5 . Below we also rely on the following representations of the
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von Karman bracket:
w x 2 2 2 2 2 2u , ¨ s ­ u ? ­ ¨ q ­ u ? ­ ¨ y 2 ? ­ u ? ­ ¨ 2.3 . .  .  .x x x x x x x x1 2 2 1 1 2 1 2
and
w x 2 2u , ¨ s ­ ­ u ? ­ ¨ y ­ u ? ­ ¨ .x x x x x x1 1 2 2 1 2
q ­ ­ u ? ­ 2 ¨ y ­ u ? ­ 2 ¨ . 2.4 . .x x x x x x2 2 1 1 1 2
We will denote by D2 the biharmonic operator with Dirichlet boundaryD
conditions on ­ V. It is well known that D2 is an isomorphism fromD
s . 2 . sy4 .H V l H V onto H V for s G 2 and, therefore,0
y12 s sq4 2G ' D : H V ª H V l H V , s G y2. 2.5 .  .  .  . .D 0
s .We note also that the norm in H V can be defined by the formula0
sr425 5? s D ? for y2 F s F 2 and s / "1r2, "3r2. 2.6 . .s D
 4 2 . 2Let e be a basis in L V of eigenvectors of the operator D and letk D
 4l be the corresponding eigenvalues:k
D2 e s l e , k s 1, 2, . . . , 0 - l F l F ??? .D k k k 1 2
2 .Below we will denote by P the projector in L V onto the spaceN
 4spanned by e , e , . . . , e .1 2 N
 . 1 .LEMMA 2.2. Let f x g H V . Then there exists N ) 0 such that0 0
1r2 5 5max P f x F C ? log 1 q l f 2.7 4 .  .  .  .1N N
xgV
for all N G N . The constant C does not depend on N.0
` 2 .Proof. Let f g C R with supp f ; V. Then0
1 Ãmax f x F ? f k dk , .  .H
22pxgV R
Ã  .where f is the Fourier transform of f x . Therefore,
1r21 2s2 Ãmax f x F ? 1 q k f k dk .  .  .H /22pxgV R
1r2
ys2? 1 q k dk .H /2R
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for s ) 1. Using this inequality, we conclude that
1y1r2 5 5max g x F C ? s g , 0 - s - , 2.8 .  .1qs 2
xgV
 . 1qs  . 1 .  .for any g x g H V l H V . Therefore, 2.6 implies0
1r4y1r2 s r4 2 y1r2 s r4 5 5max P f x F C ? s l D f F C ? s l f . .  .  . 1N N D N
xgV
w  .xy1  .If we choose s s log 1 q l we obtain 2.7 .N
 . s  .LEMMA 2.3. Let f x g H V for 0 - s F 1. Then
 .py1 r2 pp y 1
2 p5 5 5 5f F C ? p ? f 2.9 .L V . s /s p y p q 1
 .y1for all 1 - p - 1 y s .
 .  . 2Proof. Let g x be the extension of f x on R such that
5 5 5 5 5 5c f F g F c f , 0 - s F 1.s s s1 2
Using Young's inequality, we get
1 1
2 p 2 p 2 p 25 5 5 5 5 5 Äf F g F g , q s 1, p ) 1,ÃL V . L R . L R . 2 p pÄ
where g is the Fourier transform of g. Holder's inequality then impliesÃ È
1r2  .2yp r2 pÄ Ä
s ysÄ22 2
p 25 5 Äg F 1 q k g k dk ? 1 q k dk , .  .  .Ã ÃL R . H H /  /2 2R R
 .y1  .where s s ps ? 2 y p . A simple calculation then gives 2.9 .Ä Ä Ä
 . 2 .  . 1 .LEMMA 2.4. Let f x g L V and g x g H V . Then there exists
N ) 0 such that0
1r2 5 5 5 5P f ? g F C ? log 1 q l f ? g 2.10 4 .  .  .1N N
for all N G N . The constant C does not depend on N.0
Proof. Holder's inequality givesÈ
2ru5 52r 1yu .P f ? g F P f ? g , 0 - u - 1. 2.11 .  .L V . .L VN N
 .y1Using Lemma 2.3 for p s 1 y u and s s 2u , we have
u r2 5 52r 1yu .P f F C ? P f F C ? l f .L VN N N2u
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1 y1for 0 - u - . If we apply Lemma 2.3 with p s u and s s 1, we obtain2
 .1yu r21 y u
2ru5 5 5 5g F C ? p ? ? g , 0 - u - 1.L V . 1 /u
 .Consequently, 2.11 implies
y1r2 u r2 5 5 5 5P f ? g F C ? u ? l f ? g . . 1N N
  .4y1  .If we set u s log 1 q l we obtain 2.10 .N
b . 1yb  .LEMMA 2.5. Let u g H V and ¨ g H V , where 0 - b - 1. Then
5 5 5 5 5 5u ? ¨ F C u ? ¨ 2.12 .b 1yb
and
5 5 5 5 5 5u ? ¨ F C u ? ¨ . 2.13 .y1qb b
 .Proof. Estimate 2.12 follows from Holder's inequality and the conti-È
1yd  . 2r d  .  w x.nuity of the embedding H V ; L V for 0 - d F 1 see, e.g., 1 ,
2r2yd . .which also implies that we have a continuous embedding L V ;
y1qd  .H V . Therefore, using Holder's inequality, we haveÈ
5 5 5 5 2r 2yb . 5 5 2 p r2yb . 5 5 2 q r2yb .u ? ¨ F C ? u ? ¨ F C ? u ? ¨ ,y1qb L L L
y1 y1  . .y1where p q q s 1. Setting q s 2 y b and p s 2 y b 1 y b , we
 . b . 2r1yb . .obtain 2.13 from the embedding result: H V ; L V .
3. PROOF OF THE UNIQUENESS THEOREM
 . w x  .If u t is a weak solution on the interval 0, T , then 1.1 and Lemma
2.1 imply that
­ 2 u x , t g L` 0, T ; Hy2 V . .  . .t
 .  .Therefore, by interpolation we can conclude that u t and ­ u t aret
1 . y1 .strongly continuous functions with values in H V and H V , respec-0
 .  .  .  .tively. Let u t and u t be weak solutions of the problem 1.1 ] 1.3 and1 2
 .  .  .  .  .u t s u t y u t . Then u t s P u t is a solution of the linear1 2 N N
problem
­ 2 w q D2 w s P M x , t , x g V , t ) 0, 3.1 .  .  .t N
­ w
< < <w s s 0, w s 0, ­ w s 0. 3.2 .­ V ts0 ts0t­ n ­ V
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2 .Here, as above, P is the projector in L V on the space spanned by theN
first N eigenvectors of the biharmonic operator D2 with Dirichlet bound-D
ary conditions on ­ V and
M x , t ' M t s u t , ¨ u t y u t , ¨ u t , .  .  .  .  .  . .  .1 1 2 2
  ..  .  .where ¨ s ¨ u t is determined from u by 1.3 . Using 2.6 , we obtain
 .  .from 3.1 and 3.2 that
t2 2
P ­ u t q P u t F C ? P M t ? P ­ u t dt .  .  .  .HN t N N N ty1 1 y1 y1
0
w x  .for all t g 0, T . From this we see that the remainder u t of two weak
solutions satisfies
2 2
­ u t q u t .  . 1t y1
t
F C ? M t ? ­ u t dt . 3.3 .  .  .H y1 t y1
0
The following lemmas make it possible to estimate the quantity
5  .5M t .y1
2 . 5 5LEMMA 3.1. Let u and u belong to H V and u F R for some21 2 0 j
R ) 0. Then for some b ) 0 we ha¨e
ybu , ¨ u y ¨ u F C ? log 1 q l u y u q C ? l , 4 .  .  .1 1 2 1 N 1 2 2 Nq11y1
3.4 .
where the constants C , C depend on R and b only.1 2
 . w xProof. It follows from 2.4 that u, ¨ is sum of terms of the form
 2 . 2w s D D u ? D¨ , where D and D are certain differential operations
with constant coefficients of first and second order, respectively.
Consequently,
5 5w F C ? max P D¨ x q max Q D¨ x , 3.5 .  .  .  .  .y1 N N /
xgV xgV
 .  .where Q s I y P . Let ¨ s ¨ u y ¨ u . Then Lemma 2.1 implies thatN N 1 2
2 . 2qd  .  w x.¨ g H V l H V for any d - 1 for details see Lemma 1.3 of 5 .0
11qd  .Therefore, we have D¨ g H V for any d - . Consequently, Lemma0 2
2.2 implies that
1r2 5 5max P D¨ x F C ? log 1 q l ¨ , N G N . 3.6 4 .  .  .  .2N N 0
xgV
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1qd  . ` .  .  .Since H V ; L V for d ) 0, from 2.8 and 2.9 we obtain0
1r4qb2max Q D¨ x F C ? D Q D¨ .  .  .N b D N
xgV
1r4q2 byb 2F C ? l ? D D¨ .b Nq1 D
yb 5 5F C ? l ? ¨ 3.7 .2q8 bb Nq1
1 w x.  .  .for 0 - b - . Since ¨ s yG u, u q u , it follows from 2.5 and 2.21 216
15 5  .  .that ¨ F C for 0 - b - . Therefore, 3.5 ] 3.7 imply that2q8 b R 16
u , ¨ u y ¨ u .  .1 1 2 y1
1r2 ybF C ? log 1 q l ¨ u y ¨ u q l 3.8 4 .  .  .  . /R N 1 2 Nq12
 .for some b ) 0. It follows from 2.5 that
¨ u y ¨ u .  .1 2 2
w x w xF C ? P u , u q u q Q u , u q u , 3.9 . .N 1 2 N 1 2y2 y2
where u s u y u . Lemma 2.1 gives1 2
1w xQ u , u q u F C Q u ? u q u , 0 - b - .2y4b 1q4bN 1 2 N 1 2 4y2
Therefore, as above, we can conclude that
1ybw xQ u , u q u F C ? l , 0 - b - . 3.10 .N 1 2 R , b Nq1 4y2
 .Using 2.3 and Lemma 2.2, we obtain
1r2 5 5w xP u , u q u F C ? log 1 q l u . 3.11 4 .  .1N 1 1 2 R Ny2
 .  .  .Thus inequalities 3.8 ] 3.11 imply 3.4 .
2 . 5 5LEMMA 3.2. Let u and u belong to H V and u F R for some1 2 0 j
R ) 0. Then for some b ) 0 we ha¨e
ybu y u , ¨ u F C ? log 1 q l u y u q C ? l 4 .  .1 2 2 1 N 1 2 2 Nq11y1
3.12 .
for N G N , where the constants C , C depend on R and b only.0 1 2
 . w  .xProof. Let u s u y u . From 2.4 it follows that the quantity u, ¨ u1 2 2
can be written as a sum of terms of the form
2 2 2w s D Du ? D G D Du ? D u ' w Du , Du , D u , 4 .  .2 2 2 2
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 2 .y1 2where G s D and, as above, D and D are certain differentialD
operations with constant coefficients of first and second order, respec-
tively. We rewrite w as follows:
w s w Q Du , Du , D2 u q w P Du , Q Du , D2 u .  .1 N 2 2 2 N N 2 2
q w P Du , P Du , D2 u .3 N N 2 2
' w q w q w .1 2 3
 .Now we estimate every quantity w separately. It follows from 2.12 thatj
2w F C Q Du ? Du D u , 0 - b - 1.1yb y1qb1 N 2 2y1
 .  .Therefore, using 2.13 and 2.6 , we have
yb r4w F C ? l , 0 - b - 1. 3.13 .1 R , b Nq1y1
In the same manner as for w , Lemma 2.5 implies1
2 Ãw F C P Du ? Q Du ? D u , 0 - b - 1.Ã Ã1yb b2 N N 2 2y1
ÃConsequently, for b s 1 y b we have
yb r4w F C ? l , 0 - b - 1. 3.14 .2 R , b Nq1y1
We now consider the term w . Since3
2 2w F C P Du ? D GD P Du ? D u , .3 N N 2 2y1
 .Lemma 2.4 and property 2.5 imply that
1r2 25 5w F C ? log 1 q l u ? P Du ? D u . 4 . 13 N N 2 2y1
Using Lemma 2.2, we obtain
1r2 5 5w F C ? log 1 q l u . 3.15 4 .  .13 Ny1
 .  .  .Thus estimates 3.13 ] 3.15 imply 3.12 .
 .Now we can apply Lemmas 3.1 and 3.2 to estimate the quantity M t .
We obtain
yb w xM t F C ? log 1 q l u t q C ? l , t g 0, T , 4 .  .  .y1 11 N 2 Nq1
 .  .  .where u t s u t y u t is the remainder of two weak solutions and the1 2
 . ` 2 ..constants C and C depend on the norms of u t in L 0, T ; H V . Let1 2 j 0
2 2
c t s ­ u t q u t . .  .  . 1t y1
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 .It follows from 3.3 that we have
t yb w xc t F C ? log 1 q l c t dt q C ? T ? l , t g 0, T . 4 .  .  .H1 N 2 Nq1
0
Therefore, using Gronwall's lemma, we conclude that
C tyb 1 w xc t F C ? T ? l ? 1 q l , t g 0, T . .  .2 Nq1 N
If we let N ª `, then, for 0 F t - t ' brC , we obtain c ' 0. Thus0 1
 .  .u t ' u t for 0 F t - t . Now step by step we can conclude that1 2 0
 .  .u t ' u t for all 0 F t F T , which is what had to be proved.1 2
In conclusion, we note that the arguments presented above remain true
 .  .if we replace 1.1 and 1.3 by the following:
2 2 w x­ u q g ­ u q D u y u q f , ¨ q u q r ­ u s p x , x g V , t ) 0, .t t x1
3.16 .
­ ¨
2 <w xD ¨ q u q 2 f , u s 0, ¨ s s 0. 3.17 .­ V
­ n ­ V
 .  .Here g , r are nonnegative parameters and f x , u x are given functions.
 .  .  .The system 3.16 , 3.17 , 1.2 arises in studying oscillations of a shallow
 w x.shell in a supersonic flow of gas see, e.g., 2]4, 6 . The velocity of the flow
incident to the shell along the x axis is taken into account in the quantity1
 .r. In the same manner as above, we can prove that the system 3.16 ,
 .  .3.17 , 1.2 has a unique weak solution provided that
u g H 2 V , u g L2 V , p x g L2 V .  .  .  .0 0 1
and
f x g H 2 V l H 3 V , u x g H 4 V . .  .  .  .  .0
Remark. When this paper was written the authors have learnt about
w xuniqueness theorem for weak solutions proved in 7 . The method pre-
w xsented in 7 relies on some new estimates for the von Karman bracket
 .1.4 and it is completely different from the approach developed here.
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